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Masses of the pseudo Nambu-Goldstone bosons in the two flavor color superconducting phase
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The masses of the pseudo Nambu-Goldstone bosons in the color superconducting phase of dense QCD with
two light flavors are estimated by making use of the Cornwall-Jackiw-Tomboulis effective action. Parametri-
cally, the masses of the doublet and antidoublet bosons are suppressed by a power of the coupling constant as
compared to the value of the superconducting gap. This is qualitatively different from the mass expression for
the singlet pseudo Nambu-Goldstone boson, resulting from nonperturbative effects. It is argued that the~anti!
doublet pseudo Nambu-Goldstone bosons form colorless@with respect to the unbrokenSU(2)c# charmonium-
like bound states. The corresponding binding energy is also estimated.
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I. INTRODUCTION

Although there is no reliable observational signature y
from the theoretical point of view, it is quite reasonable
assume that the cores of compact stars are made of c
superconducting quark matter@1#. If we take this assumption
seriously, it becomes quite important to study the proper
of the possible color superconducting phases in full de
~for an up to date review on color superconductivity, s
Refs.@2,3#!. In this paper, we continue our study@4,5# of the
pseudo Nambu-Goldstone~NG! bosons, related to the ap
proximate axial color symmetry, in theS2C phase of cold
dense QCD.

Let us recall that the axial color transformation is no
symmetry of the QCD action. However, its explicit breaki
is a weak effect at sufficiently high quark densities where
coupling constantas(m) is small~m is a chemical potential!.
This was our main argument in Refs.@4,5# suggesting the
existence of five~rather than one@6#! light pseudo NG
bosons in theS2C phase of cold dense QCD. No mass es
mates for these pseudo-NG bosons were given in Refs@4,
5#. In this paper, we fill in the gap by developing the forma
ism and calculating the masses.

This paper is organized as follows. In the next section,
briefly introduce our model and notation. In Sec. III, w
describe our method, based on the Cornwall-Jack
Tomboulis~CJT! effective action, for calculating mass es
mates of the pseudo-NG bosons. Then, in Sec. IV, the le
ing order diagram is approximately calculated, usi
analytical methods. The fate of the colored pseudo-
bosons in the doublet and antidoublet channels is discu
in Sec. V. In Sec. VI, we give our conclusions. In Appendic

*On leave of absence from Bogolyubov Institute for Theoreti
Physics, 252143, Kiev, Ukraine.
0556-2821/2001/64~9!/096002~17!/$20.00 64 0960
t,

lor

s
il
e

e

-

e

-

d-

ed
s

A and B we present the general expression for the glu
polarization tensor and the calculation of the integrals t
appear in its definition. In Appendix C the problem of th
gauge invariance in the loop expansion of the CJT effec
action is discussed.

II. THE MODEL AND NOTATION

Here we consider cold dense QCD with two light qua
flavors ~u and d! in the fundamental representation of th
SU(3)c color gauge group. In order to keep the analytic
calculation under control, we assume that the chemical
tentialm is much larger thanLQCD . Of course, when we talk
about the compact stars, this is a far stretched assump
Therefore, while extending our analytical results to the re
istic densities existing, for example, at the cores of comp
stars, one should be very careful. While most of the qual
tive results may survive without being affected, most of t
quantitative estimates would probably be valid only up to
order of magnitude. From the viewpoint of a theorist, it
still most interesting to study the predictions of the micr
scopic theory, i.e. QCD in the problem at hand. The price
such a luxury is the necessity to work at asymptotically la
densities.

Instead of working with the standard four compone
Dirac spinors, in our analysis below, it is convenient to
troduce the following eight component Majorana spinors:

C5
1

& S cD

cD
C
D , cD

C5Cc̄D
T , ~1!

wherecD is a Dirac spinor andC is a charge conjugation
matrix, defined byC21gmC52gm

T and C52CT. In this
notation, the inverse fermion propagator in the color sup
conducting phase reads@7–11#
l
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@G~p!#2152 i S ~p01m!g01p”W D

D̃ ~p02m!g01p”W
D

52 i S g0@~p02ep
2!Lp

11~p01ep
1!Lp

2# D

D̃ g0@~p02ep
1!Lp

11~p01ep
2!Lp

2#
D , ~2!
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where D̃5g0D†g0, Dab
i j [g5« i j «ab3@D2Lp

21D1Lp
1# and

the ‘‘on-shell’’ projectorsLp
(6) are

Lp
~6 !5

1

2 S 16
aW •pW

upW u D , where aW 5g0gW , ~3!

~note thatD6 are complex valued gap functions!. Color and
flavor indices are denoted by small latin letters from the
ginning and the middle of the alphabet, respectively. By d
nition, ep

65upW u6m andp”W 52pW •gW . The effects of the quark
wave function renormalization are neglected here.

Now, after inverting the expression in Eq.~2!, we arrive at
the following propagator:

G~p!5 i S R11 R12

R21 R22
D , ~4!

where

R11~p!5g0I1Fp01ep
2

ED
2 Lp

21
p02ep

1

ED
1 Lp

1G
1g0I2F 1

p02ep
2 Lp

21
1

p01ep
1 Lp

1G , ~5a!

R22~p!5g0I1Fp01ep
1

ED
1 Lp

21
p02ep

2

ED
2 Lp

1G
1g0I2F 1

p02ep
1 Lp

21
1

p01ep
2 Lp

1G , ~5b!

R12~p!5g5«̂FD1Lp
2

ED
1 1

D2Lp
1

ED
2 G , ~5c!

R21~p!52g5«̂F ~D2!* Lp
2

ED
2 1

~D1!* Lp
1

ED
1 G , ~5d!

with ED
65p0

22(ep
6)22uD6u2, and the three color-flavor ma

trices are defined as follows:

~I1!ab
i j 5~dab2da3db3!d i j , ~6!

~I2!ab
i j 5da3db3d i j , ~7!

«̂ab
i j 52iTab

2 « i j . ~8!

Notice that, when using this quark propagator in loop cal
lations, one should make the substitutions
09600
-
-

-

ED
6→ED

61 i e, ~9!

p06ep
2→p06ep

27 i e sgn~ep
2!, ~10!

p06ep
1→p06ep

17 i e, ~11!

in the denominators, and take the limit of vanishinge at the
end. This is important for preserving the causality of t
theory.

III. DESCRIPTION OF THE FORMALISM

Let us start from a simple observation. If the model und
consideration had real NG bosons in the spectrum, its ef
tive potential as a function of the order parameterDab

i j would
have a degenerate manifold of minima. The dimension
such a manifold would be equal to the number of the N
bosons. We know, however, that no global symmetries
broken in theS2C phase and, therefore, the potential shou
have a single nondegenerate global minimum. The existe
of the pseudo-NG bosons means, however, that the pote
is nearly degenerate along selected directions. The curva
along these directions defines the masses of the pseudo
bosons. In the limit of the zero curvature, masses go to z
as it should be for the NG bosons.

In order to select the directions in the color-flavor spa
that correspond to the five pseudo-NG bosons introduce
Refs. @4,5#, we should recall their definition. Thes
pseudo-NG bosons correspond to ‘‘breaking’’ of the appro
mate axial color symmetry, given by the following transfo
mations of the quark fields:

cD→UP1cD1U†P2cD , ~12a!

c̄D→c̄DP2U†1c̄DP1U, ~12b!

cD
C→U* P2cD

C1UTP1cD
C , ~12c!

c̄D
C→c̄D

CP1UT1c̄D
CP2U* . ~12d!

Of course, this isnot an exact symmetry of the model. Fo
example, the kinetic term of the Lagrangian density tra
forms as follows:

c̄D~ i ]”1mg01A”̂ !cD→c̄D~ i ]”1mg01P1UA”̂ U†

1P2U†A”̂ U !cD , ~13!

and no transformation of the vector field could promote t
transformation to a symmetry.
2-2
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The axial color transformation, as defined above, allo
us to explicitly extract the phase factors of the gap that c
respond to the nearly degenerate directions of interest,

D→P1U†DU* 1P2UDUT, U5exp~ ivATA!. ~14!

One could considervA as the dynamical fields of th
pseudo-NG bosons~which, up to a factor of the decay con
stant, are related to the canonical fields!. Such a substitution
leads to the following changes of the components of
quark propagator:

R11→R11~v!5P1U†R11U1P2UR11U
†, ~15a!

R22→R22~v!5P2UTR22U* 1P1U* R22U
T, ~15b!

R12→R12~v!5P1U†R12U* 1P2UR12U
T, ~15c!

R21→R21~v!5P2UTR21U1P1U* R21U
†, ~15d!

assuming that the fieldsvA are constant in space-time.
In order to construct the effective potential, we use

CJT formalism@12#. The corresponding general expressi
reads

V5 i E d4p

~2p!4 Tr@ ln G~p!S21~p!2S21~p!G~p!11#

1V2@G#, ~16!

where V2@G# represents the two-particle irreducible~with
respect to quark lines! contributions~we will discuss this
point below!. There are, in general, an infinite number
diagrams inV2@G#. In our analysis, we leave only a few
leading order diagrams, graphically shown in Fig. 1.

Before proceeding to the actual calculation, let us try
understand which type of diagrams could produce a n
trivial dependence of the potential on the pseudo-NG fie
vA. To this end, we have to recall the origin of th
pseudo-NG bosons under consideration. In particular, i
crucial that their appearance is related to the breaking of
approximate axial color symmetry. It is clear, then, that
dependence of the effective potential on the pseudo-NG

FIG. 1. Vacuum energy diagrams.
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son fields results from some mixing between the left-han
and the right-handed sectors of the theory. Since there is
left-right mixing in the diagrams containing a single qua
loop @diagrams~a!, ~b!, and ~c! in Fig. 1#, the first three
diagrams in Fig. 1 turn out to be irrelevant for our calcu
tion. The corresponding contributions to the effective pote
tial are free of any dependence on the constantvA fields.

Now, we move over to more complicated diagrams
Figs. 1~d! and 1~e!. Notice, that these last two diagrams a
not two-particle irreducible with respect to gluon lines. Th
is consistent with the fact that we consider the CJT action
a functional of only the quark propagator†for a discussion of
this point see Ref.@13#‡. Both diagrams could potentially
produce nontrivial mass corrections for pseudo-NG boso
In the diagrams in Figs. 1~d! and 1~e!, a non-trivial mixing of
the left- and right-handed quark sectors is possible beca
there are two separate quark loops.

A simple calculation shows that the diagram in Fig. 1~d!
gives no correction to the effective potential. Thus, the le
ing order corrections come from the diagram in Fig. 1~e!.
The details of our calculation are presented in the next s
tion.

IV. LEADING ORDER CALCULATIONS

As we argued in the preceding section, the leading or
corrections to the masses of the pseudo-NG bosons c
from the diagram in Fig. 1~e!. In this section, we give the
details of the calculation and derive an approximate anal
cal result for the masses.

The analytical expression for the vacuum diagram in F
1~e! reads

V@Fig. 1~e!#522ip2as
2E d4pd4kd4q

~2p!12

3Tr@GAmG~p!GBkG~p2q!#

3Tr@GAnG~k2q!GBlG~k!#Dmn~q!Dkl~q!,

~17!

where the vertex is

GAm5gmS TA 0

0 2~TA!TD . ~18!

The expression in Eq.~17! contains two factors of the fol-
lowing type:

2ipasE d4p

~2p!4 Tr@GAmG~p!GBkG~p2q!#. ~19!

In order to extract the dependence of this quantity on
psedo-NG boson fieldsvA, we perform the substitutions o
all component functions, given in Eq.~15!. At the end, we
expand the result in powers ofvA, keeping the terms up to
the second order. Thus, we arrive at the following result:
2-3
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2ipasE d4p

~2p!4 tr@P1gmT̃v
AR12~p!gk~ T̃v

B!TR21~p2q!1P2gmTv
AR12~p!gk~Tv

B!TR21~p2q!

1P1gm~Tv
A!TR21~p!gkTv

BR12~p2q!1P2gm~ T̃v
A!TR21~p!gkT̃v

BR12~p2q!2P1gmT̃v
AR11~p!gkT̃v

BR11~p2q!

2P2gmTv
AR11~p!gkTv

BR11~p2q!2P1gm~Tv
A!TR22~p!gk~Tv

B!TR22~p2q!2P2gm~ T̃v
A!TR22~p!gk~ T̃v

B!TR22~p2q!#

5PAB,mk~q!1vXvYf XACf YBDPCD,mk~q!1
1

2
vXvYf XADf YDCPCB,mk~q!1

1

2
vXvYf XBDf YDCPAC,mk~q!. ~20!
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Here we used the shorthand notation,

Tv
A[UTAU†.TA2vBf BACTC1

1

2
vBvCf BADf CDETE1...,

~21a!

T̃v
A[U†TAU.TA1vBf BACTC1

1

2
vBvCf BADf CDETE1...,

~21b!

where f BAD are the structure constants ofSU(3). Also, we
introduced the one loop polarization tensor in the color
perconducting phase@14#,

PAB,mk~q!52ipasE d4p

~2p!4 tr@gmTAR12~p!gk~TB!T

3R21~p2q!1gm~TA!TR21~p!gkTBR12~p2q!

2gmTAR11~p!gkTBR11~p2q!

2gm~TA!TR22~p!gk~TB!TR22~p2q!#. ~22!

By performing the traces over the color and flavor indic
we arrive at the following expression for the polarizati
tensor~see Appendices A and B for details!:

PAB,mn~q!uA,B51,2,35dABP1
mn~q!, ~23a!

PAB,mn~q!uA,B54,5,6,75dABP4
mn~q!1 i ~dA4dB52dA5dB4

1dA6dB72dA7dB6!P̃4
mk~q!,

~23b!

P88,mn~q!5P8
mn~q!. ~23c!

After substituting the expansion~20! in Eq. ~17!, we arrive at

V@Fig. 1~e!#5
i

2 E d4q

~2p!4 PAB,mk~q!PAB,nl~q!

3Dmn~q!Dkl~q!

2
3i

4 (
A54

7

~vA!2E d4q

~2p!4 Dmn~q!Dkl~q!

3$@P4
mk~q!2P1

mk~q!#@P4
nl~q!2P1

nl~q!#
09600
-

,

12P̃4
mk~q!P̃4

nl~q!1@Pd
mk~q!2P8

mk~q!#

3@P4
nl~q!2P8

nl~q!#%1O@~vA!4#. ~24!

It is noticeable that the right-hand side of the last express
is independent of thev8 field, related to the single
pseudo-NG boson. This means that the diagram in Fig.~e!
does not give any non-trivial contribution to the value of t
corresponding mass. Only the~anti-!doublet pseudo-NG
bosons get a nonzero mass.

In order to understand this point, it is instructive to co
sider the ‘‘ideal’’ case, assuming that the axial color symm
try generated byg5T8 is a true ~rather than approximate!
symmetry of dense QCD. Then, the singlet pseudo-NG
son would be related to the breaking of the restricted a
symmetry, defined by the following transformation:

c→exp~ ivg5!I1c1I2c, ~25a!

c̄→c̄I1 exp~ ivg5!1c̄I2 , ~25b!

cC→exp~ ivg5!I1cC1I2cC, ~25c!

c̄C→c̄CI1 exp~ ivg5!1c̄CI2 , ~25d!

acting on the first two color quarks. The other symme

@Ũ5(1)#, acting on the third color quarks would remain u
broken. This is a simple consequence of the fact that the t
color quarks do not participate in the color condensati
Now, the axial color transformation generated byg5T8 could
be thought of as the ordinary axial transformationU5(1)
accompanied by the unbrokenŨ5(1). Therefore, it appears
to be equivalent to say that either the restricted or the o
nary axial symmetry is spontaneously broken in this id
limit. In reality, both the restricted and the ordinary axi
symmetries are explicitly broken. However, while the form
is broken perturbatively, the latter is broken by much sma
nonperturbative~instantonlike! effects. Because of that, th
singlet pseudo-NG boson is connected with the ordin
axial transformationU5(1) and its mass is zero in any orde
of the expansion in the coupling constant.

Nonperturbative analysis reveals that the sing
pseudo-NG bosonh has a nonzero mass. The value of t
mass was estimated in Ref.@15#. In our notation, it reads
2-4
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Mh
2.

Ch

as
7 uD2u2 expS 2

2p

as
D , Ch.105. ~26!

The parametric dependence of this mass of theh pseudo-NG
singlet clearly indicates the nonperturbative nature of the
derlying dynamics. To derive this estimate, one needs to c
sider the instanton contribution~notice the characteristic ex
ponential factor in the expression above! to the vacuum
energy in the color superconducting phase.

Before calculating the masses of the other pseudo-
bosons, let us turn to the question of the reliability~and, in
particular, gauge invariance! of the loop expansion for the
CJT effective potential in the present problem. From Eq.~24!
we see that the vacuum energy is expressed through the
loop polarization tensor. As is well known, the Wa
~Slavnov-Taylor! identities @or, equivalently, the Becchi
Rouet-Stora-Tyutin transformations# imply that in both Abe-
lian and non-Abelian gauge field theories, the radiative c
rections to the longitudinal part of the gluon propagator
absent in covariant gauges. However, the explicit structur
the one-loop polarization tensor, derived in Appendix C, p
duces nonzero longitudinal corrections to the propagator
the gluons corresponding to the broken generators.

What is the reason for the violation of the Ward identiti
in the one-loop approximation? The answer is that it is c
nected with the Meissner-Higgs effect. As was already e
phasized in our paper@5# and in the earlier papers@16,17#,
this effect implies the presence of unphysical compos
having quantum numbers of the~would be! NG bosons in
any nonunitary gauge~including all covariant ones! possess-
ing blobal color symmetry. Although in the unitary gaug
these composites are ‘‘eaten’’ by the five massive gluons
other gauges they are crucial for preserving both the unita
and the Ward identities~i.e., gauge invariance!.1 In particu-
lar, they lead to an important pole correction in the qua
gluon vertex function@5#.

Actually, the traces of this problem are known to appe
in other studies in dense QCD. For example, it shows
even in the analysis of the Schwinger-Dyson equation in
hard dense loop~HDL! improved ladder approximation
@7,18#. In this case, the gauge dependence of the gap app
09600
-
n-

G

ne-

r-
e
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-
of

-
-

s
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ty

-

r
p
e

ars

only through a dependence in the preexponential facto
the gap. Formally, it is the next-to-next-to-leading order c
rection. Usually, therefore, this gauge dependence of the
perconducting gap is ignored without even studying its r
origin. While such an attitude is quite harmless in the case
the Schwinger-Dyson equation, it turns out to be crucial
the present problem of calculating the masses of
pseudo-NG bosons. Indeed, as is shown in Appendix C,
gauge dependence of their masses, caused by the
transversality of the polarization tensor, is strong. The rea
is that while in the Schwinger-Dyson equation the domin
region is that with momenta much larger than the ferm
gap uD2u, in this problem the infrared region with momen
less thanuD2u dominates.

This implies that a consistent approximation for calcul
ing the CJT potential has to include those~would-be! NG
composites. This in turn implies that one should modify t
ordinary loop expansion of the CJT potential. Since here
are interested in the infrared dynamics, one can neglect
composite structure of these bosons. This leads to a nonli
realization of color symmetry breaking. In particular, one h
to calculate the polarization tensor in this framework.

In Appendix C, we consider this problem. As is show
there, including the~would be! NG bosons indeed restore
the transversality of the polarization tensor. The remarka
thing is that the dominant contribution to the masses of
pseudo-NG bosons comes only from the part connected
the magnetic gluons@singled out by the projection operato
O(1), see Eq.~C1!#, and this part, unlike the other contribu
tions, remains unchanged by including the contribution
the would be NG composites. This implies that for the c
culation of the masses of pseudo-NG bosons in the Lan
gauge, one can use the initial, unmodified framework for
CJT effective potential~at least in this approximation!. In-
deed, the dangerous longitudinal terms in the polarizat
operator do not contribute in this gauge and only the con
bution of the magnetic gluons matters. Because of this
servation, henceforth we will use this gauge.

To get a rough estimate of the mass of doublets, one co
use the following order of magnitude asymptotes for the
larization tensor@see Eqs.~B8!, ~B14!, ~B20!, and ~B24! in
Appendix B and Eq.~C1! in Appendix C#:
aight-
P4
~1!~q!2P1

~1!~q!;P4
~1!~q!2P8

~1!~q!;5
asm

2 for uq4u,q!2uD21u,

asm
2uD2u2

q4
2 ln

q4
2

uD2u2
for q,uD2u!uq4u,

asm
2uD2u2

uq4uq
for uD2u!uq4u!q,

asm
2uD2u
q

for uq4u!uD2u!q.

~27!

1Note that, because of the composite~diquark! nature of the order parameter in color superconductivity, it does not seem to be str
forward to define and to use the unitary gauge in this case.
2-5
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Notice also thatP̃4
mn50 ~see Appendix B!. By making use of

these asymptotes along with the HDL expression for
gluon propagator†see, for example, Ref.@7#‡, we check that
the dominant contribution to the quadratic term in Eq.~24! in
the Landau gauge comes from the region of momenta wh
uDu&q&m and 0&uq4u&uDu. Therefore, by taking the ex
plicit expressions for the polarization tensor given in Appe
dix C into account, we derive

M25
1

F2

]2V

]v2 .
170p

3m2 E
uDu

m

q2dqE
0

uDu
dq4

q2

S q31
p

2
mD

2 uq4u D 2

3S asm
2uDu

q D 2

.
340p

9
asuDu2 ln

m

uDu
.CMAasuDu2,

CM'
85p2

3
A2p'73102, ~28!

where the definition of the Debye massmD
2 5(2/p)asm

2, the
decay constantF25m2/8p2, as well as the relation betwee
the gap and the chemical potential ln(m/uDu)
.3(p/2)3/2as

21/2, were used.

V. PSEUDO-NG „ANTI- … DOUBLETS VERSUS
CONFINEMENT

In the color superconducting phase in the model with t
quark flavors, theSU(2)c subgroup remains unbroken. Sinc
the only massless quarks of the third color do not inter
with gluons ofSU(2)c , the corresponding dynamics of glu
ons decouples in the far infrared region,p!uD2u. The low
energy effective action of theSU(2)c gluodynamics was de
rived in Ref. @19#. Of special interest for us here is the o
servation of Ref.@19# that the unbrokenSU(2)c is confined
at sufficiently low energies. The corresponding scale w
also estimated. It is given by the following simple expre
sion:

LQCD8 .uD2uexp@2C0as
2 exp~C/Aas!#, C53S p

2 D 3/2

~29!

~there is some uncertainty in determiningC0.1023!.
Now, let us discuss how such confinement could affect

properties of the pseudo-NG bosons. In particular, this c
cerns the doublet and antidoublet states, which are colo
under the leftoverSU(2)c subgroup. Because of the confin
ment, these pseudo-NG states cannot exist as free part
Instead, they should form some colorless bound states.

The colorless bound states should be somewhat simila
charmonium in ordinary QCD. In fact, the situation with th
doublet-antidoublet states in the color superconducting ph
is much simpler. This is because the new confinement s
LQCD8 is extremely small as compared to the masses of
~anti-! doublets themselves. This already suggests that
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binding dynamics are essentially perturbative@this could also
be checked posterior, see Eq.~32! below#. The bound color-
less states would be similar to the positronium in QED@20–
22#. The only difference is due to the color superconduct
medium effects. The Coulomb potential between two sta
charges at a distancer from each other is given by@19#

VC.
4pas

er
,

1

uD2u
!r !

1

LQCD8
, ~30!

where

e'
2asm

2

9puD2u2 ~31!

is the dielectric constant@19# @see also our derivation of Eq
~C3! in Appendix C#. By analogy with the positronium~no-
tice that the constituent doublets are spinless in the prob
at hand, but such a difference affects only the fine struct
of the spectrum!, we get the following estimate for the bind
ing energies of the colorless states built of the doub
antidoublet pairs:

En.2
Mas

2

4e2n2 .CE

as
239/4uD2u

n2 expS 2
3&p3/2

Aas
D ,

n51,2, . . . , ~32!

with CE'1.831011. Notice that this binding energy is para
metrically much larger than the confinement scaleLQCD8 in
Eq. ~29! whenas→0. This means that it is the~perturbative!
Coulomb contribution to the potential that is mostly respo
sible for the paring dynamics of the~anti-! doublets into
colorless hadrons. The linear confining~nonperturbative!
part of the potential is of minor importance, at least for t
low lying states.

We recall that in theS2C phase, there exists a conserv
~modified! baryon charge. While the value of this charg
equals zero for the quarks of the first two colors, it is11 for
the third color ~massless! quarks. Since the pseudo-NG
~anti-! doublets are composed of one massive~anti-! quark
and one massless~anti-! quark, they are scalar baryons, ca
rying the baryon charge61. The colorless hadrons com
posed of them~discussed above! can be called mesons.

VI. CONCLUSION

In this paper, we derived analytical estimates for t
masses of the pseudo-Nambu-Goldstone bosons in the c
superconducting phase of dense QCD with two light flavo
In agreement with our previous hypothesis, the mass va
are small compared to the value of the superconducting
at sufficiently large quark densities. Analytically, the expre
sion for the masses of doublet and antidoublet pseudo-
bosons are suppressed by a power of the coupling cons
The mass of the singlet is exponentially suppressed.
mechanism for mass generation of the singlet is purely n
perturbative@15#.
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As was shown in Ref.@19#, the unbrokenSU(2)c sub-
group is subject to confinement. This fact has an import
effect on the properties of the doublet and antidoub
pseudo-NG bosons, which are colored with respect
SU(2)c . In particular, we argue that the doublets and an
oublets should form charmonium-like colorless bound sta
Moreover, since the confinement scale of theSU(2)c sub-
group is extremely small compared to the value of
masses of doublet and antidoublet, the pairing dynamic
the colorless mesons is dominated by perturbative Coulo
like forces. This allows us to estimate the correspond
binding energy.
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APPENDIX A: GENERAL FORM OF THE POLARIZATION TENSOR

The general form of the polarization tensor in the color superconducting phase was given in Ref.@14#. For completeness o
the presentation, we also rederive it here

PAB,mn~q!uA,B51,2,3[dABP1
mn~q!

52idABpasE d4p

~2p!4 trDFgmS D1Lp
2

ED
1~p!

1
D2Lp

1

ED
2~p!

D gnS ~D2!* Lp2q
2

ED
2~p2q!

1
~D1!* Lp2q

1

ED
1~p2q!

D
1gmS ~D2!* Lp

2

ED
2~p!

1
~D1!* Lp

1

ED
1~p!

D gnS D1Lp2q
2

ED
1~p2q!

1
D2Lp2q

1

ED
2~p2q!

D
1gmg0S p01ep

2

ED
2~p!

Lp
21

p02ep
1

ED
1~p!

Lp
1D gng0S p02q01ep2q

2

ED
2~p2q!

Lp2q
2 1

p02q02ep2q
1

ED
1~p2q!

Lp2q
1 D

1gmg0S p01ep
1

ED
1~p!

Lp
21

p02ep
2

ED
2~p!

Lp
1D gng0S p02q01ep2q

1

ED
1~p2q!

Lp2q
2 1

p02q02ep2q
2

ED
2~p2q!

Lp2q
1 D G , ~A1!

PAB,mn~q!uA,B54,5,6,7[dABP4
mn~q!1 i ~dA4dB52dA5dB41dA6dB72dA7dB6!P̃4

mn~q!

5 ipasd
AB E d4p

~2p!4 trDFgmg0S p01ep
2

ED
2~p!

Lp
21

p01ep
1

ED
1~p!

Lp
1D gng0S 1

p02q02ep2q
2 Lp2q

2

1
1

p02q01ep2q
1 Lp2q

1 D 1gmg0S 1

p02ep
2 Lp

21
1

p01ep
1 Lp

1Dgng0S p02q01ep2q
2

ED
2~p2q!

Lp2q
2

1
p02q02ep2q

1

ED
1~p2q!

Lp2q
1 D 1gmg0S p01ep

1

ED
1~p!

Lp
21

p02ep
2

ED
2~p!

Lp
1D gng0S 1

p02q02ep2q
1 Lp2q

2

1
1

p02q01ep2q
2 Lp2q

1 D 1gmg0S 1

p02ep
1 Lp

21
1

p01ep
2 Lp

1Dgng0S p02q01ep2q
1

ED
1~p2q!

Lp2q
2

1
p02q02ep2q

2

ED
2~p2q!

Lp2q
1 D G2

p

2
as~dA4dB52dA5dB41dA6dB72dA7dB6!

3E d4p

~2p!4 trDFgmg0S p01ep
2

ED
2~p!

Lp
21

p02ep
1

ED
1~p!

Lp
1D gng0S 1

p02q02ep2q
2 Lp2q

2 1
1

p02q01ep2q
1 Lp2q

1 D
2gmg0S 1

p02ep
2 Lp

21
1

p01ep
1 Lp

1Dgng0S p02q01ep2q
2

ED
2~p2q!

Lp2q
2 1

p02q02ep2q
1

ED
1~p2q!

Lp2q
1 D
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1gmg0S p01ep
1

ED
1~p!

Lp
21

p02ep
2

ED
2~p!

Lp
1D gng0S 1

p02q02ep2q
1 Lp2q

2 1
1

p02q01ep2q
2 Lp2q

1 D
2gmg0S 1

p02ep
1 Lp

21
1

p01ep
2 Lp

1Dgng0S p02q01ep2q
1

ED
1~p2q!

Lp2q
2 1

p02q02ep2q
2

ED
2~p2q!

Lp2q
1 D G , ~A2!

P88,mn~q![P8
mn~q!

52
2

3
ipasE d4p

~2p!4 trDFgmS D1Lp
2

ED
1~p!

1
D2Lp

1

ED
2~p!

D gnS ~D2!* Lp2q
2

ED
2~p2q!

1
~D1!* Lp2q

1

ED
1~p2q!

D
1gmS ~D2!* Lp

2

ED
2~p!

1
~D1!* Lp

1

ED
1~p!

D gnS D1Lp2q
2

ED
1~p2q!

1
D2Lp2q

1

ED
2~p2q!

D
2gmg0S p01ep

2

ED
2~p!

Lp
21

p02ep
1

ED
1~p!

Lp
1D gng0S p02q01ep2q

2

ED
2~p2q!

Lp2q
2 1

p02q02ep2q
1

ED
1~p2q!

Lp2q
1 D

2gmg0S p01ep
1

ED
1~p!

Lp
21

p02ep
2

ED
2~p!

Lp
1D gng0S p02q01ep2q

1

ED
1~p2q!

Lp2q
2 1

p02q02ep2q
2

ED
2~p2q!

Dp2q
1 D

22gmg0S 1

p02ep
2 Lp

21
1

p01ep
1 Lp

1Dgng0S 1

p02q02ep2q
2 Lp2q

2 1
1

p02q01ep2q
1 Lp2q

1 D
22gmg0S 1

p02ep
1 Lp

21
1

p01ep
2 Lp

1Dgng0S 1

p02q02ep2q
1 Lp2q

2 1
1

p02q01ep2q
2 Lp2q

1 D G . ~A3!

Here we made use of the the following results for color-flavor traces:

trc f~I1TAI1TB!5H dAB A,B51,2,3,

0 A,B54,5,6,7,

1

3
A,B58,

~A4!

trc f~I2TAI2TB!5H 0 A,B51, . . . ,7,

2

3
A,B58,

~A5!

trc f~I1TAI2TB!5H 0 A,B51,2,3,

1

2
dAB1

i

4
~dA4dB52dA5dB41dA6dB72dA7dB6! A,B54,5,6,7,

0 A,B58,

~A6!

trc f@ «̂TA«̂~TB!T#5H 2dAB A,B51,2,3,

0 A,B54,5,6,7,

1

3
A,B58.

~A7!

APPENDIX B: CALCULATION OF INTEGRALS

In this Appendix, we calculate different types of integrals that appear in the expression for the polarization tensor~see the
previous Appendix!. For our purposes it is sufficient to consider the gluon momenta much less thanm, neglecting all
corrections of orderq2/m2. In this approximation, the Dirac traces, containing the on-shell projection operators, read

tr@gmLp
~6 !gnLp2q

~6 ! #.2S gmn2gm0gn01
pW mpW n

upW u2 D , ~B1!
096002-8
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tr@gmLp
~6 !gnLp2q

~7 ! #.2S gm0gn02
pW mpW n

upW u2 D , ~B2!

tr@gmg0Lp
~6 !gng0Lp2q

~6 ! #.2S gm07
pW m

upW u D S gn07
pW n

upW u D , ~B3!

tr@gmg0Lp
~6 !gng0Lp2q

~7 ! #.22S gmn2gm0gn01
pW mpW n

upW u2 D . ~B4!

Also notice that in order to perform the integrations properly, one should make the following replacements in the denom
of the propagators:

ED
6→ED

61 i«, ~B5!

p06ep
2→p06ep

27 i« sgn~ep
2!, ~B6!

p06ep
1→p06ep

17 i«. ~B7!

From the definition in the previous Appendix, we see that the general structure of the polarization tensor reads

P1
mn~q!54pas@JD

mn~q!1I D
mn~q!#, ~B8a!

P4
mn~q!54pasĨ D

mn~q!, ~B8b!

P8
mn~q!52

4pas

3
@JD

mn~q!2I D
mn~q!#1

8pas

3
I HDL

mn ~q!. ~B8c!

@Here we took into account the fact that the off-diagonal term inPAB,mn(q)uA,B54,5,6,7is zero. To see this, one has to calcula
the corresponding integral in Eq.~A2!.# Let us start with the calculation of the first type of the integrals,

I HDL
mn ~q!5 i E d4p

~2p!4 trDFgmg0S 1

p02ep
2 Lp

21
1

p01ep
1 Lp

1Dgng0S 1

p02q02ep2q
2 Lp2q

2 1
1

p02q01ep2q
1 Lp2q

1 D G
5 i E d4p

~2p!4 trDFgmg0S 1

p02ep
1 Lp

21
1

p01ep
2 Lp

1Dgng0S 1

p02q02ep2q
1 Lp2q

2 1
1

p02q01ep2q
2 Lp2q

1 D G
522E d3p

~2p!3 S gm01
pW m

upW u D S gn01
pW n

upW u D S u~2ep
2!u~ep2q

2 !

ep
22ep2q

2 2q01 i«
1

u~ep
2!u~2ep2q

2 !

ep2q
2 2ep

21q01 i« D
22E d3p

~2p!3 S gmn2gm0gn01
pW mpW n

upW u2 D S u~ep
2!

p
2

1

pD
52

m2

p2 Fgm0gn0QS q0

q D2
1

2 S gmn2gm0gn01
qW mqW n

q2 D F11
q22q0

2

q2 QS q0

q D G1
qW mqW n

q2

q0
2

q2 QS q0

q D
1

q0

q S gm0
qW n

q
1qn0

qW m

q DQS q0

q D G , ~B9!

where

Q~x![2
1

2 E0

1

djS j

j1x2 i«
1

j

j2x2 i« D5
x

2
lnU11x

12xU212 i
p

2
uxuu~12x2!. ~B10!

It is easy to check thatqmI HDL
mn (q)50, as it should be. Also notice that in Euclidean spacex5 iq4 /q[ iy , and
096002-9
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Q~x!↔Q̃~y!5211y arctan
1

y
.H 211

p

2
y, for y!1,

2
1

3y2 , for y@1.

~B11!

Now, let us consider

JD
mn~q!5 i E d4p

~2p!4 trDFgmS D1Lp
2

ED
1~p!

1
D2Lp

1

ED
2~p!

D gnS ~D2!* Lp2q
2

ED
2~p2q!

1
~D1!* Lp2q

1

ED
1~p2q!

D G
5 i E d4p

~2p!4 trDFgmS ~D2!* Lp
2

ED
2~p!

1
~D1!* Lp

1

ED
1~p!

D gnS D1Lp2q
2

ED
1~p2q!

1
D2Lp2q

1

ED
2~p2q!

D G
.2i E d4p

~2p!4 S gm0gn02
pW mpW n

p2 D uD2u2

ED
2~p!ED

2~p2q!

52
m2

4p2 E
0

1

djE
0

1

dx

uD2u2F ~11j2!gm0gn01~12j2!gmn1~123j2!
qW mqW n

q2 G
uD2u21x~12x!~j2q22q0

2!2 i«
. ~B12!

After switching to the Euclidean momenta (q05 iq4), we get

JD
mn~q!52

m2

4p2 E
0

1

djE
0

1

dx

uD2u2F ~11j2!gm0gn01~12j2!gmn1~123j2!
qW mqW n

q2 G
uD2u21x~12x!~q4

21j2q2!

52
m2

2p2 E
0

1

dj

uD2u2F ~11j2!gm0gn01~12j2!gmn1~123j2!
qW mqW n

q2 G
Aq4

21j2q2Aq4
21j2q214uD2u2

3 ln
Aq4

21j2q214uD2u21Aq4
21j2q2

Aq4
21j2q214uD2u22Aq4

21j2q2
. ~B13!

In different limits, we obtain the following behavior:

JD
mn~q!5

¦

2
m2

3p2 S gm0gn01
1

2
gmnD1dJ~2!~q!, for uq4u,q!2uD2u,

2
2m2uD2u2

3p2q4
2 ln

q4
2

uD2u2 S gm0gn01
1

2
gmnD , for q,uD2u!uq4u,

2
m2uD2u2

4puq4uq
ln

4q4
2

uD2u2 S gm0gn01gmn1
qW mqW n

q2 D , for uD21u!uq4u!q,

2
m2uD2u

8q S gm0gn01gmn1
qW mqW n

q2 D , for uq4u!uD2u!q,

~B14!

where~in Minkowski space!

dJ~2!~q!5
m2

90p2uD2u2 Fgm0gn0~2q225q0
2!1

1

2
gmn~q225q0

2!2qW mqW nG . ~B15!

As one could see, the imaginary part ofJD
mn(q) in Eq. ~B12! appears only forq0.2uD2u. Its explicit form is given in terms

of the elliptic integral of the first,F(w,z), and second kind,E(w,z), and the hypergeometric function,
096002-10
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Im@JD
mn~q!#5

m2uD2u2

2p

u~q0
22q224uD2u2!

Aq2Aq0
224uD2u2 H S gmn1gm0gn01

qW mqW n

q2 DFS arcsinAq2

q0
2,

q0
2

q0
224uD2u2D

2
q0

224uD2u2

q0
2 S gmn2gm0gn013

qW mqW n

q2 D FFS arcsinAq2

q0
2,

q0
2

q0
224uD2u2D 2ES arcsinAq2

q0
2,

q0
2

q0
224uD2u2D G J

1
m2uD2u2

2p

u~4uD2u21q22q0
2!u~q0

224uD2u2!

Aq2Aq0
2 H S gmn1gm0gn01

qW mqW n

q2 DKS q0
224uD2u2

q0
2 D

2
p~q0

224uD2u2!

4q2 S gmn2gm0gn013
qW mqW n

q2 D 2F1S 1

2
,
3

2
,2,

q0
224uD2u2

q0
2 D J . ~B16!

Similarly, let us calculate the following quantity:

I D
mn~q!5 i E d4p

~2p!4 trDFgmg0S p01ep
2

ED
2~p!

Lp
21

p02ep
1

ED
1~p!

Lp
1D gng0S p02q01ep2q

2

ED
2~p2q!

Lp2q
2 1

p02q02ep2q
1

ED
1~p2q!

Lp2q
1 D G

5 i E d4p

~2p!4 trDFgmg0S p01ep
1

ED
1~p!

Lp
21

p02ep
2

ED
2~p!

Lp
1D gmg0S p02q01ep2q

1

ED
1~p2q!

Lp2q
2 1

p02q02ep2q
2

ED
2~p2q!

Lp2q
1 D G

.
m2

3p2 ~gmn2gm0gn0!12i E d4p

~2p!4 S gm01
pW m

upW u D S gn01
pW n

upW u D ~p01ep
2!~p02q01ep2q

2 !

ED
2~p!ED

2~p2q!

.
m2

3p2 ~gmn2gm0gn0!12i E
0

1

dxE dp0d3p

~2p!4 S gm01
pW m

upW u D S gn01
pW n

upW u D
3

@p01ep
21x~q01jq!#@p01ep

22~12x!~q01jq!#

@p0
22~ep

2!22x~12x!~j2q22q0
2!2uD2u21 i«#2 . ~B17!

So, we derive

I D
mn~q!5

m2

3p2 ~gmn2gm0gn0!1
m2

4p2 E
0

1

dxE
21

1

dj
uD2u212x~12x!~q0qj1q2j2!

uD2u21x~12x!~q2j22q0
2!2 i«

3F1

2
~32j2!gm0gn02

1

2
~12j2!gmn2

1

2
~123j2!

qW mqW n

q2 1jS gm0
qW n

q
1gn0

qW m

q D G
5

m2

3p2 ~gmn2gm0gn0!1
m2

4p2 E
0

1

dxE
0

1

djF ~32j2!gm0gn02~12j2!gmn2~123j2!
qW mqW n

q2 G
3

uD2u212x~12x!q2j2

uD2u21x~12x!~q2j22q0
2!2 i«

1
m2

p2 E
0

1

dxE
0

1

djS gm0
qW n

q
1gn0

qW m

q D x~12x!qq0j2

uD2u21x~12x!~q2j22q0
2!2 i«

.

~B18!

After switching to Euclidean momenta (q05 iq4), we could also perform the integration overx, and get the following result:

I D
mn~q!5I HDL

mn ~q!1
m2

2p2 E
0

1

djF ~32j2!gm0gn02~12j2!gmn2~123j2!
qW mqW n

q2 G
3

uD2u2~q4
22j2q2!

Aq4
21j2q214uD2u2~q4

21j2q2!3/2
ln

Aq4
21j2q214uD2u21Aq4

21j2q2

Aq4
21j2q214uD2u22Aq4

21j2q2

2
2m2

p2

iq4

q E
0

1

dj
S qm0

qW n

q
1gn0

qW m

q D uD2u2j2q2

Aq4
21j2q214uD2u2~q4

21j2q2!3/2
ln

Aq4
21j2q214uD2u21Aq4

21j2q2

Aq4
21j2q214uD2u22Aq4

21j2q2
. ~B19!
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The following asymptotes are valid

I D
mn~q!2I HDL~q!5

¦

2I HDL~q!1
m2

3p2 S gm0gn01
1

2
gmnD1dI ~2!~q!, for uq4u,q!2uD2u,

m2uD2u2

3p2q4
2 ln

q4
2

uD2u2 S 4gm0gn02gmn12
gm0qW n1qW mqn0

iq4
D , for q,uD2u!uq4u,

2
m2uD2u2

4puq4uq
ln

4q4
2

uD2u2 S 3gm0gn02gmn2
qW mqW n

q2 14iq4

gm0qW n1qW mgn0

q2 D , for uD2u!uq4u!q,

2
m2uD2u

8q S 3gm0gn02gmn2
qW mqW n

q2 14iq4

gm0qW n1qW mgn0

q2 D , for uq4u!uD2u!q,

~B20!

where~in Minkowski space! dI (2)(q) reads

dI ~2!~q!5
m2

90p2uD2u2 Fgm0gn0~3q2110q0
2!2

1

2
gmn~q215q0

2!1qW mqW nG1
m2q0~qW mun1umqW n!

18p2uD2u2
. ~B21!

Finally, we calculate the last type of integrals:

Ĩ D
mn~q!5 i E d4p

~2p!4 trDFgmg0S p01ep
2

ED
2~p!

Lp
21

p02ep
1

ED
1~p!

Lp
1D gng0S 1

p02q02ep2q
2 Lp2q

2 1
1

p02q01ep2q
1 Lp2q

1 D G
5 i E d4p

~2p!4 trDFgmg0S p01ep
1

ED
1~p!

Lp
21

p02ep
2

ED
2~p!

Lp
1D gng0S 1

p02q02ep2q
1 Lp2q

2 1
1

p02q01ep2q
2 Lp2q

1 D G
.

m2

3p2 ~gmn2gm0gn0!12i E d4p

~2p!4 S gm01
pW m

upW u D S gn01
pW n

upW u D ~p01ep
2!~p02q01ep2q

2 !

@p0
22~ep

2!22uD2u2#ED
2~p2q!

.
m2

3p2 ~gmn2gm0gn0!12i E
0

1

dxE dp0d3p

~2p!4 S gm01
pW m

upW u D S gn01
pW n

upW u D
3

@p01ep
21x~q01jq!#@p01ep

22~12x!~q01jq!#

@p0
22~ep

2!22x~12x!~j2q22q0
2!2~12x!uD2u21 i«#2

.
m2

3p2 ~gmn2gm0gn0!1
m2

4p2 E
0

1

dxE
0

1

dj
F ~32j2!gm0gn02~12j2!gmn2~123j2!

qW mqW n

q2 G~ uD2u212xq2j2!

uD2u21x~q2j22q0
2!2 i«

1
m2

p2 E
0

1

dxE
0

1

djS gm0
qW n

q
1gn0

qW m

q D xqq0j2

uD2u21x~q2j22q0
2!2 i«

. ~B22!

After switching to Euclidean momenta (q05 iq4), we could also perform the integration overx, and get the following result:

Ĩ D
mn~q!5I HDL

mn ~q!1
m2

4p2 E
0

1

djF ~32j2!gm0gn02~12j2!gmn2~123j2!
qW mqW n

q2 G uD2u2~q4
22j2q2!

~q4
21j2q2!2 ln

uD2u21q4
21j2q2

uD2u2

2
m2

p2

iq4

q E
0

1

djS gm0
qW n

q
1gn0

qW m

q D uD2u2j2q2

~q4
21j2q2!2 ln

uD2u21q4
21j2q2

uD2u2
. ~B23!

The following asymptotes are valid:
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Ĩ D
mn~q!2I HDL~q!5

¦

2I HDL~q!1
m2

3p2 S gm0gn01
1

2
gmnD1d Ĩ ~2!~q!, for uq4u,q!2uD2u,

m2uD2u2

6p2q4
2 ln

q4
2

uD2u2 S 4gm0gn02gmn12
gm0qW n1qW mgn0

iq4
D , for q,uD2u!uq4u,

2
m2uD2u2

8puq4uq S 3gm0gn02gmn2
qW mqW n

q2 1 iq4

gm0qW n1qW mgn0

q2 D , for uD2u!uq4u!q,

2
m2uD2u

4pq S 3gm0gn02gmn2
qW mqW n

q2 1 iq4

gm0qW n1qW mgn0

q2 D , for uq4u!uD2u!q,

~B24!

where~in Minkowski space!

d Ĩ ~2!~q!5
m2

30p2uD2u2 Fgm0gn0~3q2110q0
2!2

1

2
gmn~q215q0

2!1qW mqW nG1
m2q0~qW mgn01gm0qW n!

5p2uD2u2
. ~B25!

APPENDIX C: GAUGE INVARIANCE AND POLARIZATION TENSOR

By making use of the definitions in Eq.~B8! as well as the general structure of the tensorsJD
mn(q), I D

mn(q), and Ĩ D
mn(q),

given in the preceding Appendix, it is easy to show that all three polarization tensorsP i
mn(q) ( i 51,4,8) take the following

general form:

P i
mn~q!5P i

~1!~q!O~1!mn~q!1P i
~2!~q!O~2!mn~q!1P i

~3!~q!O~3!mn~q!1P i
~4!~q!O~4!mn~q!. ~C1!

In this representation, we use the following set of four tensors@23#:

Omn
~1!~q!5gmn2umun1

qW mqW n

uqW u2 , ~C2a!

Omn
~2!5umun2

qW mqW n

uqW u2
2

qmqn

q2 , ~C2b!

Omn
~3!5

qmqn

q2 , ~C2c!

Omn
~4!~q!5Oml

~2!ul
qn

uqW u
1

qm

uqW u
ulOln

~2! . ~C2d!

The first three of them are the same projectors of the magnetic, electric, and unphysical~longitudinal in a 311 dimensional
sense! modes of gluons, which were used in Ref.@7#. In addition, here we also introduced the intervening opera
Omn

(4)(q), mixing the electric and unphysical modes@23#. Note thatum5(1,0,0,0) andqW m5qm2(u•q)um .
By making use of the representations for different types of the polarization tensors in Appendix B, we derive the fol

explicit infrared~uq0u, q!uD2u! asymptotes:

P1
mn~q!5

2asm
2

9puD2u2 @gm0gn0~q21q0
2!2q0

2gmn1q0~qW mgn01gm0qW m!#

52
2asm

2

9puD2u2 @q0
2O~1!mn~q!1~q0

22q2!O~2!mn~q!#, ~C3!

P4
mn~q!5

3

2
P8

mn~q!5
2asm

2

3p FO~1!mn~q!1
q0

223q2

q0
22q2 O~2!mn~q!1

3q0
22q2

q0
22q2 O~3!mn~q!1

2q0q

q0
22q2 O~4!mn~q!G . ~C4!

Similarly, we derive the asymptotes in other regions of interest:
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P1
mn~q!24pasI HDL

mn ~q!55
2

8asm
2uD2u2

3pq4
2 ln

q4
2

uD2u2 @O~1!~q!1O~2!~q!#, for q,uD2u!uq4u,

2
asm

2uD2u2

uq4uq
ln

4q4
2

uD2u2
O~1!~q!, for uD2u!uq4u!q,

2
2pasm

2uD2u
q

O~2!~q!, for uq4u!uD2u!q,

~C5!

P4
mn~q!24pasI HDL

mn ~q!55
2

2asm
2uD2u2

3pq4
2 ln

q4
2

uD2u2 FO~1!~q!1O~2!~q!23O~3!~q!1
2q

iq4
O~4!~q!G , for q,uD2u!uq4u,

asm
2uD2u2

2uq4uq FO~1!~q!2O~2!~q!1
iq4

q
O~4!~q!G , for uD2u!uq4u!q,

pasm
2uD2u

q FO~1!~q!2O~2!~q!1
iq4

q
O~4!~q!G , for uq4u!uD2u!q,

~C6!

and

P8
mn~q!24pasI HDL

mn ~q!55
8asm

2uD2u2

3pq4
2 ln

q4
2

uD2u2 FO~3!~q!1
2q

3iq4
O~4!~q!G , for q,uD2u!uq4u,

2asm
2uD2u2

3uq4uq
ln

4q4
2

uD2u2 FO~1!~q!1
4iq4

q
O~4!~q!G , for uD2u!uq4u!q,

pasm
2uD2u

3q FO~1!~q!1
4iq4

q
O~4!~q!G , for uq4u!uD2u!q.

~C7!

As is easy to check,P1
mn(q) is transverse everywhere, whileP4

mn(q) andP8
mn(q) are not. From the structure of the pola

ization tensorP1
mn(q) in Eq. ~C3!, we derive the explicit expression for the dielectric constant in the far infrared region w

the three gluons of the unbrokenSU(2)c decouple from the other degrees of freedom. It coincides with the result in Ref.@19#,
which is quoted in Eq.~31!. We also see that the magnetic permeability is equal to 1, because there is no magnetic cont
q2O(1)mn(q) on the right-hand side of Eq.~C3! @notice thatq0

2O(1)mn(q) is the electric type contribution#. Let us also notice
that the general expression forP1

mn(q) is transverse for all momenta. To see this, we derive the following representatio

P1
mn~q!54pasI HDL

mn ~q!2
4asm

2uD2u2

p E
0

1 dj@q4
2~12j2!O~1!mn~q!12j2~q4

21q2!O~2!mn~q!#

Aq4
21j2q214uD2u2~q4

21j2q2!3/2

3 ln
Aq4

21j2q214uD2u21Aq4
21j2q2

Aq4
21j2q214uD2u22Aq4

21j2q2
. ~C8!

From the asymptotes in Eqs.~B14! and ~B20!, one might get the impression that the transversality ofP1
mn(q)

[4pas@Jmn(q)1I mn(q)# is not exact. This is just an artifact of using the expansion for either the limit ofuq4u!q or q
!uq4u. To test the conditionqmP1

mn(q)50, one has to keep the subleading corrections to such expansions.
It is straightforward to check that the general expression in Eq.~24! becomes strongly gauge dependent if the one-l

polarization tensorsP4
mn(q) and P8

mn(q) with nonzero longitudinal components are used in the calculation. Moreover
corresponding gauge dependent contribution to the value of the mass comes from the region of small momentuq4u,q
!uD2u, and it is logarithmically divergent,

Ml
2;l2as

2m2 ln
uD2u
e IR

, ~C9!

wherel is the gauge fixing parameter ande IR is the infrared cutoff. In deriving this result, we used the asymptotes prese
in Eq. ~C4!. This result clearly demonstrates that the presence of the longitudinal components in the polarization
P4

mn(q) andP8
mn(q) is not acceptable. As we shall see below, adding the contributions of the~would be! NG bosons to the

polarization tensor produces a transverse expression for bothP4
mn(q) andP8

mn(q).
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As it was already pointed out in Sec. IV, one has to use the nonlinear realization of color symmetry breaking
purpose. The polarization tensor can be found from the corresponding low energy effective action~a similar approach for
improving the polarization tensor has been recently considered in Ref.@23#!. The effective action for the two flavor dense QC
was described in Ref.@24#. It is given in terms of the Maurer-Cartan one-form,

vm5V†i ~]m2 igÂm!V, ~C10!

where the fieldV parametrizes the coset spaceSU(3)c3U(1)B /SU(2)3Ũ(1)B . Its explicit form reads

V5expF i (
A54

7

fATA1 i
f8

3
~ I 1)T8!G . ~C11!

In the last expression, we took into account that one of the broken generators is (I 1)T8)/3 rather thanT8. The fieldsfA

(A54, . . . ,8) describe dynamical~would be! Nambu-Goldstone degrees of freedom, which should necessarily appear
low-energy description of the color superconducting phase of dense QCD~unless a unitary gauge is used!. The interaction of
gluons and would be NG bosons with fermions is described by the following term@24#:

L f5c̃~ i ]”1mg01gmvm!c. ~C12!

Therefore, after integrating out fermions and high momenta gluons~with q@uq4u@uD2u! which are mostly responsible fo
generating the gap@7#, the one-loop approximation of the effective action is mimicked by the following expression:

Seff52
i

2
Tr lnS K1 D

D̃ K2
D 52

i

2
Tr ln@K2K1#2

i

4
Tr ln@12K1

21DK2
21D̃#, ~C13!

where

K1[ i ]”1mg01V†i ~]”2 igA”̂ !V, ~C14!

K2[ i ]”2mg01VTi ~]”1 igA”̂ T!V* . ~C15!

The quadratic part of the induced effective action, as follows from Eq.~C13!, reads

Seff
~2!.2

i

4 E d4qd4p

~2p!8 tr@R11~p! f 1~q!R11~p2q! f 1~2q!1R12~p! f 2~q!R21~p2q! f 1~2q!

1R21~p! f 1~q!R12~p2q! f 2~2q!1R22~p! f 2~q!R22~p2q! f 2~2q!#, ~C16!

where, by derivation,

f 1~q!5gmFgAm
A~q!TA1 iqm (

A54

7

fA~q!TA1 iqm

f8~q!

3
~ I 1)T8!G , ~C17!

f 2~q!5gmF2gAm
A~q!~TA!T2 iqm (

A54

7

fA~q!~TA!T2 iqm

f8~q!

3
~ I 1)T8!G ~C18!

~here we expandedV in powers offA!. By substituting the last expressions into Eq.~C16!, we arrive at the result in the
following form:

Seff
~2!.

1

2 E d4q

~2p!4 H (
A51

3

Am
A~2q!P1

mn~q!An
A~q!1 (

A54

7 FAm
A~2q!2

i

g
qmfA~2q!GP4

mn~q!FAn
A~q!1

i

g
qnfA~q!G

1FAm
8 ~2q!2

i)

g
qmf8~2q!GP̃8

mn~q!FAn
8~q!1

i)

g
qnf8~q!G J , ~C19!

where, by derivation,

P8
mn~q![

1

3
@P̄8

mn~q!18pasI HDL
mn ~q!#. ~C20!
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By integrating out thefA fields, we arrive at the effective action of the gluon field~compare with the effective action in Re
@23#!:

Sgl
~2!.

1

2 E d4q

~2p!4 H (
A51

3

Am
A~2q!P1

mn~q!An
A~q!1 (

A54

7

Am'
A ~2q!@P4

mn~q!2P4
mn8~q!qm8~qlP4

lkqk!21qn8P4
n8n~q!#An'

A ~q!

1Am'
8 ~2q!@P̃8

mn~q!2P̃8
mm8~q!qm8~qlP̃8

lkqk!21qn8P̃8
n8n~q!#An'

8 ~q!J . ~C21!

By making use of the properties of the polarization tensor, we check that this quadratic part of the action splits in
decoupled pieces with different types of gluons. One of them contains the first three gluons that do not feel the Meissn
The improved polarization tensors for the five gluons corresponding to broken generators, are explicitly transverse, a
they can be written in the standard form:

P i ,new
mn ~q!52P i ,t~q!O~1!mn~q!2

q0
22q2

q2 P i ,l~q!O~2!mn~q!, ~C22!

where

p i ,t~q!52P i
~1!~q!, ~C23!

P i ,l~q!52
q2

q0
22q2 FP i

~2!~q!1
@P i

~4!~q!#2

P i
~3!~q!

G , ~C24!

with P i
(x)(q) ~i 54,8 andx51,2,3,4! defined in Eq.~C1!.

In the infrared regionuq4u, q!uD2u, the improved gluon tensors that correspond to the broken generators read

P4,new
mn ~q!5

3

2
P8,new

mn ~q!5
2asm

2

3p FO~1!mn~q!1
q0

22q2

q0
22

1

3
q2

O~2!mn~q!G . ~C25!

Similarly, we get the expressions in other limits:

P4,new
mn ~q!24pasI HDL

mn ~q!55
2

2asm
2uD2u2

3pq4
2 ln

q4
2

uD2u2 @O~1!~q!1O~2!~q!#, for q,uD2u!uq4u,

asm
2uD2u2

2uq4uq @0~1!~q!2O~2!~q!#, for uD2u!uq4u!q,

pasm
2uD2u

q
@O~1!~q!2O~2!~q!#, for uq4u!uD2u!q,

~C26!

and

P8,new
mn ~q!24pasI HDL

mn ~q!55
0, for q,uD2u!uq4u,

2asm
2uD2u2

3uq4uq
ln

4q4
2

uD2u2 O~1!~q!, for uD2u!uq4u!q,

pasm
2uD2u

3q
O~1!~q!, for uq4u!uD2u!q.

~C27!

One should notice that the magnetic components@determined by the terms with the projection operatorO(1)(q)# of the new
polarization tensors, are exactly the same as in the one-loop approximation given at the beginning of this Appen
electric components are different in general, but they appear to be also essentially the same to the leading order appro
Most importantly, however, the longitudinal contributions inP4

mn(q) andP8
mn(q) are gone now. The immediate consequen

of this is that the vacuum energy given by Eq.~24!, as well as the masses of the pseudo-NG bosons, become explicitly g
invariant.

For completeness of presentation, we also note that the contribution of the modified electric components of the pol
tensors to the value of the pseudo-NG boson mass is of order
096002-16
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delM
2;

uD2u3

m
. ~C28!

Because of the chemical potential in the denominator, this is clearly a subleading correction as compared to the res
~28!.
,
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